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Abstract
We discuss the properties of four-point functions in the context of the correspondence
between a classical supergravity theory in the bulk of the Anti de Sitter (AdS) space and
quantum conformal field theory (CFT) at the boundary. The contribution to a four-point
function from the exchange of a scalar field of arbitrary mass in AdS space is explicitly
identified with that of the corresponding operator in the conformal partial wave expansion
of a four-point function on the CFT side. Integral representations are found for the massless
vector and graviton exchanges. We also discuss some aspects of the four-point functions
of trF 2 and trFF ∗ (‘dilaton’ and ‘axion’) operators in the N = 4 supersymmetric SU(N)
Yang-Mills theory as predicted by type IIB supergravity in the AdS5 background.
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1. Introduction
There is a recent revival of interest in the connections between large N Yang-Mills
theory [1] and string theory [2] following, in particular, the conjecture [3] that there is an
exact correspondence between string/M theory on the Anti de Sitter space AdSd+1 and
certain superconformal field theory (CFTd) defined at the boundary of the AdSd+1 (see
also [4]). According to the conjecture, the quantum N = 4 supersymmetric Yang-Mills
theory with gauge group SU(N) in the large N and large ’t Hooft coupling limit can be
described by the classical type IIB supergravity on AdS5 × S5 space.
The formulation of the conjecture was made more explicit in [5,6], where it was pro-
posed that the partition function of supergravity/string theory with fixed boundary values
of the fields is to be identified with the generating functional of the composite operators
in the CFT. There is a one-to-one correspondence between certain local operators Φi of
the boundary CFT and the bulk fields φi in AdS [5,7,6,8]. The boundary CFT operator
Φi and the associated bulk field φi carry the same unitary, irreducible and the highest
weight representation of the conformal group SO(d, 2), where the scale dimension λi of Φi
is identified with the lowest energy value of φi and can be further related to the mass of φi.
The correlation functions of the CFT operators are identified with the classical “S-matrix
elements” of the bulk fields with their boundary values fixed. Two-point and three-point
functions follow simply from the quadratic terms and cubic vertices of the bulk theory,
while the four-point functions, in general, contain the contact contributions as well as the
exchanges of virtual particles.
Using this proposal, some ‘model’ and ‘realistic’ two-point and three-point functions
have been computed in [9,10,11,12,13,14,15,16]. In particular, a family of three-point
functions of chiral primary operators in N = 4 SYM have been evaluated and shown to be
equal to their free-field values, suggesting a non-renormalization theorem in large N limit
[17].
In this paper we investigate the properties of the 4-point functions in the context
of the CFT/AdS correspondence. Four-point functions from contact interactions (quartic
vertices) were considered before in [10]. The scalar exchange diagrams with some special
values of mass were also discussed in [18]. The exchange diagrams in AdS are, in gen-
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eral, very difficult to evaluate explicitly, as the propagators and the integrals are quite
complicated. Here we follow a different approach.
In CFTd, the states generated by acting by a product of the conformal operators on
the vacuum can be decomposed into a direct sum of irreducible representations of the
conformal group
Φ1(x1)Φ2(x2)|0 >=
∑
k
∫
ddx Qk(x|x1, x2)|k, x > , (1.1)
where k sums over all the irreducible representations in the Hilbert space and states
|k, x >= Φk(x)|0 > span the space of irreducible representation Tk. This conformal partial
wave expansion (CPWE) was obtained in early seventies by several authors [19,20] (see
[21,22,23] for reviews). Using (1.1), the four-point functions can be written as
< 0|Φ1(x1)Φ2(x2)Φ3(x3)Φ4(x4)|0 >=
∑
k
Gk , (1.2)
where Gk is the contribution to the four-point function from the intermediate states gen-
erated by the operator Φk,
Gk =
∫
ddxddy Q∗k(x1, x2|x) < k, x|k, y > Qk(y|x3, x4) . (1.3)
Since the bulk propagator of the field φk in AdSd+1 associated to the conformal operator
Φk by the AdS/CFT correspondence can be also written as a sum over normal modes
in AdSd+1 which span the same irreducible representation Tk of the isometry/conformal
group SO(d, 2), one is tempted to conjecture that Gk represents the contribution of the
φk exchange diagram in AdSd+1. Diagrammatically, this equivalence can be expressed as
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Figure 1: Equivalence between CPWE and scattering in AdS.
2
One of the aims of the present paper is to prove that this is indeed the case for the
intermediate states corresponding to the scalar operators. It should be possible to gen-
eralise our method also to operators of higher spin. We shall attempt to consider the
two cases which are of particular interest: massless vector and massless tensor (graviton)
exchanges. They correspond to the conserved current vector and the energy momentum
tensor operators in the CFT. The explicit demonstration of the equivalence between the
CPWE representation for the CFT correlator and the AdS amplitude here appears to be
more difficult and will not be given in the present paper. The expressions for the propa-
gators for the photon and graviton in AdS are quite involved (useful expressions for them
which are suitable for explicit calculations were not previously given in the literature, cf.
[24,25]). There are also complications related to the presence of the gauge degrees of free-
dom and the fact that the current and the energy momentum tensor carry indecomposable
representations of the conformal group. In this paper we shall use a non-covariant gauge
fixing and will be able to write down the AdS amplitudes with the photon and graviton
exchanges in the complete integral form. The detailed analysis of these amplitudes and
establishing their relation to CPWE will not be attempted here.
Having identified the exchange diagrams with CPWE, a question that naturally arises
is the interpretation of contact interactions (quartic or higher vertices) on the CFT side,
as there is no obvious counterpart for them in CPWE. One possibility is that since contact
terms can always be formally written as special exchange diagrams, e.g.,
∫
dd+1xφ1φ2φ3φ4 = −
∫
dd+1x dd+1y φ1φ2 G(x, y) ∂
2(φ3φ4) , (1.4)
where G is the massless field propagator, −∂2G = δ(x − y), they might be contained in
CPWE. Another possibility could be that the boundary CFT is not closed. Let us consider
for example the N = 4 SYM theory in the large N and large ‘t Hooft coupling λ = g2N
limit. Suppose that a four-point function at finite λ is expanded in the form of (1.2) and
(1.3). As we increase λ, certain correlators may approach zero as some inverse powers of λ
and thus may not contribute in the λ→∞ limit. But if there is a very large number of such
vertices, their total contribution to the sum (1.2) may not vanish. This would correspond
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to the presence of contact interactions in supergravity.1 As there are many contact terms
in IIB supergravity on AdS5 × S5, such possibility deserves a detailed investigation.
The existence of the AdS/CFT correspondence puts by itself strong constraints on the
theories on both sides. Since conformal field theories always contain the energy-momentum
tensor which generates the conformal algebra, the theory in AdS must be a gravitational
theory. If the theory in AdS is a field theory (supergravity), then on CFT side the possible
three-point functions and intermediate states contributing to (1.2) are highly constrained
as only vertices which can be written as local invariants in AdS are allowed. For example,
consider a correlation function of four scalars. In general, symmetric tensor operators of
spin greater than two can contribute to it as intermediate states in (1.2). However, there is
no local covariant interaction vertex for two scalars and a higher spin tensor in supergravity
theory (though it may be present in string theory), so it should vanish also on the CFT
side. Assuming the equivalence between CPWE in CFT and the scattering amplitude in
AdS, we see also that different channels for CPWE in CFT should correspond to s− t− u
channels in the scattering amplitudes in AdS, which seems to imply that the scattering
amplitudes in AdS should have s− t− u crossing symmetry.2
In case of the “N = 4 SYM – IIB supergravity on AdS5 × S5” correspondence the
supergravity four-point functions in general are quite complicated.3 In this paper we
shall focus on the dilaton-axion sector, where the corresponding four-point functions are
given by a relatively small number of diagrams. We will show that the main non-trivial
1 These contact supergravity vertices may be thought of as originating from string field theory
(with only cubic interactions between massless and massive modes) in the low-energy approxima-
tion in which all massive string modes are integrated out.
2 One could think that this might be an indication that the theory on the AdS side should
actually be a string-type theory. One does not expect to find the crossing symmetry in the bulk
supergravity amplitudes but this is less clear when the bulk-to-boundary propagators are attached.
Duality is, of course, restored in the bulk amplitudes once one replaces the supergravity amplitudes
by the full string amplitudes, i.e. includes all α′-corrections. At the same time, the boundary
theory at large N and large g2N corresponding just to supergravity with no α′-corrections is also
a CFT which should have CPWE.
3 Higher-order α′ and non-perturbative string-theory contributions to four-point functions in
N = 4 large N SYM were discussed in [26].
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contribution in this sector comes from a graviton exchange (the ‘mixed’ scalar four-point
function contains also a contact contribution). Using the graviton propagator found here in
the non-covariant h0µ = 0 gauge, we will be able to present the complete expressions for the
scalar four-point functions in terms of the formal integrals. We shall discuss briefly certain
properties of the integrals, leaving their evaluation and establishing the correspondence
with the CPWE in CFT for future.
The structure of the paper is as follows. In section 2 we shall review some aspects of
CFT in d dimensions, in particular, the conformal partial wave expansion for the four-point
functions. In section 3 we shall discuss the scattering diagrams involving scalar exchanges
in AdS space. We will show that they can be identified with the contributions to CPWE
coming from the corresponding operators on the CFT side. In section 4 we shall study
the scattering amplitudes involving exchanges of massless vector and graviton. In section
5 we shall consider the dilaton and axion four-point functions in D = 5 supergravity
corresponding to the correlators of the trF 2 and trFF ∗ operators in N = 4 SYM theory.
Appendix A contains notation and some technical details about the scalar propagator in
AdSd+1. In Appendix B we recall the expression [19] (see also [27]) for the scalar operator
contribution to the scalar four-point function in CFTd.
2. Four-point functions and conformal partial wave expansion in CFT
Let us first review certain aspects of the conformal field theory in d dimension
[21,22,23]. Denote the space of an irreducible representation Tσ of the conformal group
4
asMσ, σ = (λ,~s), where λ is the conformal dimension and ~s is a set of quantum numbers
labelling the spin degrees of freedom. We assume that the Hilbert space can be represented
as a direct sum of spaces Mσi , i.e.
H =Mσ1 +Mσ2 + ...+Mσi + ... , σi = (λi, ~si), i = 1, 2, ... . (2.1)
4 For the Minkowskian signature, the representations under consideration are those of the
infinite covering group of SO(d, 2) which are unitary and satisfy the spectrality condition: p0 >
0, p2 > 0. For the Euclidean signature, they are the irreducible representations of SO(d + 1, 1)
which can be analytically continued from the Minkowskian counterparts.
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Conformal fields Φσi(x) are defined as the operators which generate spaces Mσi ,
Mσi = {|σi, x > for all x} = {Φσi(x)|0 > for all x}.
States of the type Φσi(x1)Φσj (x2)|0 > can be decomposed in terms of the basis in (2.1),
Φσi(x1)Φσj (x2)|0 >=
∑
k
∫
ddx Qijk(x|x1, x2)|σk, x > . (2.2)
This implies the operator product expansion (OPE)
Φσi(x1)Φσj (x2) =
∑
k
∫
ddx Qijk(x|x1, x2)Φσk(x) . (2.3)
The standard OPE in the nearby points can be obtained from (2.3) by expanding the
integrand in y = x1 − x2,
Φσi(y)Φσj (0)|y→0 ∼
∑
k,m
Aσk,m(y)Φσk,m(0) , (2.4)
where Aσk,m ∼ y−(λi+λj−λk−m) and Φσk,m are m-th order derivatives of the field Φσk .
When Φσ’s are orthogonal to each other, Q’s are just the amputated three-point
functions,
Qijk(x|x1, x2) =
∫
ddx′ W−1σk (x− x′) < 0|Φσk(x′)Φσi(x1)Φσj (x2)|0 > , (2.5)
with Wσ(x− x′) =< 0|Φσ(x)Φσ(x′)|0 > and its inverse W−1 defined by,
∫
ddxWσ(x1 − x)W−1σ (x− x2) = I+(x1 − x2) , (2.6)
I+(x) =
1
(2π)d
∫
ddp ϑ(p0) ϑ(p2) eipx . (2.7)
That I+ (instead of the Dirac δ-function) appears on the right side of (2.6) follows from
the spectrality condition.
States involving higher-order products of Φσ’s can be written in the basis (2.1) by
repeatedly using (2.3). The problem of solving the theory thus becomes equivalent to
finding the spectrum and the couplings for the infinite set of fields Φσi .
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Applying (2.3) to the four-point functions we find
Wijkl(x1, x2, x3, x4) = < 0|Φσi(x1)Φσj (x2)Φσk(x3)Φσl(x4)|0 >
=
∑
m
∫
ddxddy Qijm(x1, x2|x) Wσm(x− y) Qmkl(y|x3, x4) . (2.8)
We now switch to the Euclidean signature. The conformal partial wave expansion of the
four-point function in Euclidean region takes the form5 (σ = (λ,~s))
G(x1, x2, x3, x4) =
∑
~s
∫
C
dλ Gˆσ(x1, x2, x3, x4) , (2.9)
where the integral is a contour integral in the complex plane of the conformal dimension
λ (see below) and
Gˆσ(x1, x2, x3, x4) = n(σ)
∫
ddx Gijσ˜(x1, x2, x)Gklσ(x, x3, x4) . (2.10)
Here
Gklσ(x, x3, x4) =< Φσ(x)Φk(x3)Φl(x4) > , Gijσ˜(x1, x2, x) =< Φi(x1)Φj(x2)Φσ˜(x) >
are the Euclidean three-point functions with σ˜ = (d−λ,~s) and n(σ) is some normalization
constant. The field Φσ˜ is called the conformal partner (or shadow operator) of Φσ, related
to it by6
Φσ˜(x) =
∫
ddy∆σ˜(x− y)Φσ(y) , ∆σ˜(x− y) =< Φσ˜(x)Φσ˜(y) > . (2.11)
Gˆσ includes the contributions from both Φσ and its conformal partner Φσ˜. The integration
contour in (2.9) is chosen so that to select only the contribution from Φσ. One can
decompose Gˆσ into the parts coming from Φσ and Φσ˜,
Gˆσ = Gσ +Gσ˜ . (2.12)
5 We denote the Euclidean correlators by G and omit some subscripts to simplify the notation.
6 Note that there is no spectrality condition in Euclidean space so that ∆σ˜ and ∆σ can be
chosen to satisfy ∫
d
d
x∆σ(x1 − x)∆
−1
σ˜ (x− x2) = δ(x1 − x2) .
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Since Gσ and Gσ˜ have different pole structure (x1 − x2 → 0)
Gijσ ∼ 1|x1 − x2|λi+λj−λ , Gijσ˜ ∼
1
|x1 − x2|λi+λj+λ−d ,
the decomposition (2.12) is unique. Using (2.12) instead of the contour integral we can
rewrite (2.9) as
G(x1, x2, x3, x4) =
∑
σi
Gσi(x1, x2, x3, x4) . (2.13)
Besides (2.8) and (2.9), there are two other ways to write partial wave expansions: in terms
of “u-channel” and “t-channel”. The equivalence of the three channels is guaranteed by
the associativity of the operator algebra (2.3). This is usually called the crossing symmetry
of the four-point functions. As was already mentioned in the Introduction, the crossing
symmetry of the CFT four-point functions should have interesting implications for the
structure of the corresponding scattering amplitudes in the AdS space.
3. Four-point functions in CFT/AdS correspondence: scalar exchange
In this section we consider the contribution to a four-point function of the exchange of
a scalar field of an arbitrary mass. For definiteness, we shall study the ‘model’ four-point
functions of scalar fields and consider scattering in AdS resulting from vertices of the type
φφ1φ2 and φφ3φ4. The scattering amplitude is given by (see Appendix A for our notations)
Sν(x1, x2, x3, x4) =
∫
du0d
du
ud+10
dv0d
dv
vd+10
Kλ1(u, x1)Kλ2(u, x2)G(u, v)Kλ3(v, x3)Kλ4(v, x4) ,
(3.1)
where Kλ(u, x) is the boundary propagator [6] corresponding to a conformal field with
dimension λ
Kλ(u, x) = cλ( u0|u− x|2 )
λ , (3.2)
and G(x, y) is the bulk propagator for a scalar field of mass m (see Appendix A) [10],
G(x, y) = (x0y0)
d/2
∫
ddk
(2π)d
ei
~k·(~x−~y)Iν(kx
<
0 )Kν(kx
>
0 ) . (3.3)
Here I and K are the modified Bessel functions, the parameter ν is related to the mass
by ν =
√
m2 + 14d
2, and x<0 (x
>
0 ) is the smaller (larger) number among x0 and y0. The
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amplitude (3.1) with (3.3) inserted is not manifestly conformally invariant. Its conformal
invariance can be seen by using an alternative representation for G(x, y) [24],
G(x, y) = rz−λF (λ, ν − 1
2
; 2ν + 1, z−1) , (3.4)
where r is a normalization constant, F is a hypergeometric function and z = (x0+y0)
2+(~x−~y)2
4x0y0
.
It is clear from (3.4) that G(x, y) is invariant under transformation x→ x|x|2 , y → y|y|2 .
Let us first look at the “pseudo-propagator”, given by
Gˆ(x, y) = (x0y0)
d/2
∫
ddk
(2π)d
ei
~k·(~x−~y)Kν(kx0)Kν(ky0) . (3.5)
The value of (3.1) with (3.5) inserted instead of (3.3) will be denoted Sˆ. After the substi-
tution of boundary propagators and (3.5) it can be written as
Sˆν(x1, x2, x3, x4) =
∫
ddk
(2π)d
F ∗12(k; ~x1, ~x2)F34(k; ~x3, ~x4) , (3.6)
where
F12(k; ~x1, ~x2) =
∫
du0d
du
ud+10
u
d
2
0 e
−i~k·~u Kν(ku0)Kλ1(u, x1)Kλ2(u, x2) . (3.7)
The Fourier transformation for the boundary propagator with λ = ν + d
2
is
Kλ(u, x) = cλ( u0|u− x|2 )
λ =
∫
ddk
(2π)d
ei
~k·(~u−~x)f(k, u0) , (3.8)
with
f(k, u0) =
1
bλ
u
d
2
0 k
νKν(ku0) , bλ = 2
ν−1Γ(ν) .
Thus
u
d
2
0 Kν(ku0) = bλk
−ν
∫
ddx e−i
~k·(~x−~u)Kλ(u, x) .
Plugging this into (3.7), we find
F12(k; ~x1, ~x2) = bλk
−ν
∫
du0d
du
ud+10
∫
ddx e−i
~k·~xKλ(u, x)Kλ1(u, x1)Kλ2(u, x2)
= bλk
−ν
∫
ddx e−i
~k·~xGλλ1λ2(x, x1, x2) = bλk
−νGλλ1λ2(k, x1, x2) ,
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where
Gλλ1λ2(x, x1, x2) =
∫
du0d
du
ud+10
Kλ(u, x)Kλ1(u, x1)Kλ2(u, x2) (3.9)
is the three-point function according to the CFT/AdS correspondence. Similarly, we find
F34(k; ~x3, ~x4) = bλk
−νGλλ3λ4(k, x3, x4) .
Then it follows from (3.6) that
Sˆν = b
2
λ
∫
ddk
(2π)d
G∗λλ1λ2(k, x1, x2)k
−2νGλλ3λ4(k, x3, x4) . (3.10)
From (3.8) and (3.9) we can see that
Gλ˜λ1λ2(k, x1, x2) =
bλ
bλ˜
k−2νGλλ1λ2(k, x1, x2) (3.11)
Thus (3.10) can be written as
Sˆν = bλbλ˜
∫
ddk
(2π)d
G∗
λ˜λ1λ2
(k, x1, x2)Gλλ3λ4(k, x3, x4) ,
and in coordinate space it becomes,
Sˆν = bλbλ˜
∫
ddx Gλ1λ2λ˜(x1, x2, x)Gλλ3λ4(x, x3, x4) . (3.12)
We notice that the above expression (3.12) for Sˆν is precisely the same as the CFT ex-
pression (2.10) with σ = (λ, 0). Thus we have identified the amplitude Sˆν with the CFT
correlator Gˆσ in (2.9).
Let us now look at the relation between Sν (3.1) and Sˆν (3.6). Using that
Kν =
π
2
1
sin νπ
(I−ν − Iν) ,
and ∫ ∞
0
dx0
∫ ∞
0
dy0 =
∫ ∞
0
dx0
∫ x0
0
dy0 +
∫ ∞
0
dy0
∫ y0
0
dx0 ,
it is easy to see that
Sˆν = Sν + S−ν , (3.13)
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which can be understood as the sum of the contributions from the fields of dimensions λ
and d − λ respectively. Comparing (3.13) with (2.12) and assuming that Sν has analytic
dependence on ν, we find that with Sˆν identified with Gˆσ in (2.10), Sν and S−ν are equal
to Gσ and Gσ˜, demonstrating the required relation between the AdS amplitude Sν and
the CFT correlator.
It is easy to see that the above procedure applies without change to other types of
3-point interaction (e.g., φ∂φ1∂φ2) and to scattering of higher spin fields involving scalar
exchange. Thus we have established the correspondence between the exchange diagrams
in AdS and the conformal partial wave expansion in the CFT for the case of the scalar
intermediate states.
We mention here that the contribution of a scalar operator to the CPWE (eqs (2.8),
(2.9)) of a four-point function has been evaluated long time ago in [19]. The expression
can be written in a closed form in terms of double hypergeometric functions (see Appendix
B). From the identification of (3.1) and (2.8), we see that it can also be interpreted as the
scattering amplitude (3.1) in AdS.
4. Photon and graviton propagators in AdSd+1
In this section we shall consider the scattering amplitudes in AdS involving massless
vector and graviton exchanges. The photon and graviton propagators in covariant gauges
were discussed before in [25]. The expressions found were complicated and do not seem to
be useful in explicit calculations. Here we shall choose the non-covariant gauges, A0 = 0 for
the vector and h0µ = 0 for the graviton. It turns out that the resulting AdS propagators
are quite simple and have structure similar to that of their flat space counterparts.
4.1. Massless vector
Let us start with the case of a vector field in AdS space described by the action
I =
∫
dα (
1
4
FµνF
µν + AµJ µ) ,
∫
dα =
∫
dd+1x
√
g0 . (4.1)
We fix the Coulomb gauge A0 = 0. In this gauge the equation for Ai (i = 1, ..., d) becomes
(∂20 + ∂
2
j )Ai − ∂j∂iAj −
d− 3
x0
∂0Ai = − 1
x20
Ji . (4.2)
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The equation for A0 gives the constraint
∂0∂iAi =
1
x20
J0 . (4.3)
We decompose Ai as
Ai = A
⊥
i + ∂iξ ,
where A⊥i is the transverse part and ξ =
1
∂2 ∂iAi with ∂
2 = ∂i∂i. Then (4.2) and (4.3)
reduce to
∂0ξ =
1
x20
1
∂2
J0, (∂20 + ∂2)A⊥i −
d− 3
x0
∂0A
⊥
i = −
1
x20
J⊥i ,
where J⊥i is the transverse part of Ji, i.e. ∂iJ⊥i = 0. Thus the equation for x0A⊥i reduces
to that for a free scalar of m2 = −(d− 1) in AdSd+1 space with a source x0J⊥i . It can be
easily solved to obtain
x0A
⊥
i (x) =
∫
dα G(x, y) y0J⊥i (y) , (4.4)
where G(x, y) the propagator for a free scalar with m2 = −(d− 1).
Then
I =
1
2
∫
dαAiJ i = 1
2
∫
dα (A⊥i J i + ∂iξJ i) . (4.5)
Note that the conservation of the current gives
DµJ µ = 0 =⇒ ∂iJ i = − 1√
g0
∂0(
√
g0J 0) .
After a partial integration, use of the current conservation and the substitution of (4.4)
into (4.5) we get,
I =
1
2
∫
dx0d~x
xd+10
dy0d~y
yd+10
x0y0 J⊥i (x) G(x, y) J⊥i (y)−
1
2
∫
dx0d~x
xd+10
J0 1
∂2
J0 . (4.6)
This expression determines the photon propagator.7
7 In (4.6) there is also a boundary term − 1
2
∫
∂M
ddx x1−d
0
ξJ0. In the non-covariant gauge we
are choosing, this term is responsible for the Ward identity of three-point functions, but we do
not expect it to contribute to higher-point functions.
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4.2. Graviton
We consider the metric as a sum of the AdS metric and a graviton perturbation
gµν =
1
x2
0
(δµν + hµν) and consider the action (see also [13])
I =
∫
dα (R − 2Λ + 1
2
hµνT
µ
ν ) .
In the following we shall assume that there is no index raising for h, but for the energy-
momentum tensor Tµν the indices will be raised by g
µν
0 = x
2
0δ
µν . We shall consider the
gauge h0µ = 0. In this gauge, the linearised Einstein equations for hij become (see also
[28])
∂20(hij − δijh)−
d− 1
x0
∂0(hij − δijh)
+ ∂2kh˜ij − ∂l∂ih˜jl − ∂l∂j h˜il + δij∂l∂mh˜lm = −2Tij , (4.7)
where h = δijhij and h˜ij = hij − 12δijh. There are also two constraints following from the
00 and 0i components of the Einstein equations,
∂0(∂jhij − ∂ih) = 2T0i , (4.8)
−∂i∂jhij + ∂2i h−
d− 1
x0
∂0h = 2T00 . (4.9)
We decompose hij as
hij = h¯
⊥
ij + ∂iB
⊥
j + ∂jB
⊥
i + ∂i∂jη +
1
d− 1(δij −
∂i∂j
∂2
)h′ ,
with ∂2 = ∂i∂i and
B⊥i =
1
∂2
∂khik − ∂i
(∂2)2
∂k∂lhkl , η =
1
(∂2)2
∂k∂lhkl , h
′ = h− 1
∂2
∂k∂lhkl .
It is easy to check that
δij h¯
⊥
ij = 0 , ∂ih¯
⊥
ij = 0 , ∂iB
⊥
i = 0 .
Then the equations (4.7)–(4.8) become
(∂20 + ∂
2
k)h¯
⊥
ij −
d− 1
x0
∂0h¯
⊥
ij = −2tij , tij ≡ PijklTkl , (4.10)
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∂0B
⊥
i =
1
∂2
(2T0i + ∂0∂ih
′) , ∂0h
′ = − 2
∂2
∂jT0j , (4.11)
∂0h = − 2x0
d− 1T00 +
x0
d− 1∂
2h′ , (4.12)
where Pijkl is the transverse traceless projector in flat space.
Thus the equations for the transverse traceless part h¯⊥ij = Pijklhkl reduce to that of a
free massless scalar, so that we get (dβ = dd+1y
√
g0(y) )
h⊥ij(x) = 2
∫
dβ y20 G(x, y) tij(y) . (4.13)
Using the conservation of the energy-momentum tensor and the equations (4.11) and (4.12)
we find that the quadratic (graviton propagator) part of the Einstein action takes the form
I =
1
2
∫
dα hijT
i
j =
∫
dαdβ (x0y0)
2 tij(x) G(x, y) tij(y)− 2
∫
dα x20 T0i
1
∂2
T0i
− 2
d− 1
∫
dα x20 ∂iT0i
1
∂2
T00 − d− 2
d− 1
∫
dα x20 ∂iT0i(
1
∂2
)2∂iT0i , (4.14)
where we have ignored boundary terms resulting from partial integration.
5. Scalar four-point functions in AdS5 supergravity / N = 4 SYM theory
In this section we shall consider the four-point functions involving the scalar operators
O = trF 2 andO′ = trFF ∗ inN = 4 SYM theory in the largeN and large ‘t Hooft coupling
limit as predicted by the type IIB supergravity in AdS5×S5. O and O′ correspond to the
massless fields φ and C in AdS5 coming from the dilaton and axion of type IIB supergravity
on AdS5 × S5. The four-point functions of interest are < O(x1)O(x2)O(x3)O(x4) >,
< O′(x1)O′(x2)O(x3)O(x4) > and < O′(x1)O′(x2)O′(x3)O′(x4) >. They correspond in
AdS5 to the tree-level scattering amplitudes of four dilatons, two dilatons and two axions,
and four axions respectively. Thus we need to look for vertices in the Lagrangian of IIB
supergravity on AdS5 × S5 involving two dilatons (axions) and one other field or quartic
vertices involving only dilatons and axions. For this purpose it is sufficient to concentrate
on the graviton-dilaton-axion sector of the supergravity8
Iˆ =
1
2κ210
∫
AdS5
d5x
∫
S5
d5y
√
−gˆ
[
Rˆ − 1
2
(∂φˆ)2 − 1
2
e2φˆ(∂Cˆ)2
]
. (5.1)
8 Our notation will be as follows. All fields in D = 10 will be written with hats on them and
their indices. µ, ν, ... will refer to the indices of AdS5, while α, β, ... will refer to those of S
5.
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Since the fields φ and C are associated with the zeroth spherical harmonics of φˆ and
Cˆ on S5, it is clear that the desired vertices cannot involve fields from higher spherical
harmonics. Thus the fields in (5.1) can be assumed to have only x dependence, i.e.
φˆ(x, y) = φ(x), Cˆ(x, y) = C(x), hˆµˆνˆ(x, y) = {hµν(x), hµα(x), hαβ(x)} .
After dimensional reduction to AdS5 and a Weyl scaling
9 the relevant part of (5.1) becomes
I =
1
2κ2
∫
AdS5
d5x
√
−g′
[
R− 1
2
(∂φ)2 − 1
2
e2φ(∂C)2
]
, (5.2)
where R = R(h′) is the 5d Ricci scalar. The φ − C sector of the IIB supergravity on
AdS5 × S5 is thus very simple. The only cubic vertex involving two φ is ∂φ∂φ h′. In
particular, there is no hααφφ vertex, where h
α
α is the trace of the internal (S
5) part of
the metric (massive fixed scalar) which in the N = 4 SYM theory corresponds to the
operator of the structure O8 = trF 4 − 14 tr(F 2)2. Since in the free Maxwell theory there is
a non-vanishing three-point function < OOO8 > [29], this three-point function must have
non-trivial dependence on the ‘t Hooft coupling (cf. [17]).
Following the same reasoning, we can see that the diagrams contributing to the four-
graviton scattering may come only from the R term in (5.2). In particular, there is no cubic
vertex involving two gravitons and other fields. This is consistent with the expectation
[30] that the OPE of the energy momentum tensor in N = 4 SYM theory closes on itself.10
φ φ
+
φ φ
h h
C
C C
C
C
C
C
C
φ
Figure 2: Scattering diagrams for φφφφ and CCCC. Only s-channel dia-
grams are displayed here.
9 The resulting graviton h′µν differs from hµν by a Weyl scaling, i.e. h
′
µν = hµν +
1
3
g0µνh
α
α,
where g0µν is the background metric in AdS5.
10 This is not so in most of four-dimensional theories. For a discussion of the case of the N = 1
supersymmetric theories see [31].
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C
φ φ
C C
+
φ
C
φ
C
h +
C
φ
C
φ
Figure 3: Scattering diagrams for φφCC.
Starting with (5.2), we can write down the scattering diagrams in AdS5 contributing
to the four-point functions under consideration (see Fig.2 and Fig.3). Let us first look at
the diagrams which do not involve graviton exchange. The scattering amplitude with the
dilaton or axion exchange, e.g., φ(1)C(2)φ(3)C(4) in Fig.3, can be written as
A1 =
∫
du0d
du
ud+10
dv0d
dv
vd+10
(u0v0)
2∂µKd(u, x1)∂µKd(u, x2)G(u, v)∂νKd(v, x3)∂νKd(v, x4) .
(5.3)
The contact φCφC interaction gives
A2 =
∫
du0d
du
ud+10
u20Kd(u, x1)∂νKd(u, x2)Kd(u, x3)∂νKd(u, x4) . (5.4)
Here Kd (d = 4) and G(u, v) (see (3.2) and (3.3)) are the boundary and bulk propagators
for the massless scalars. Since these propagators satisfy
1√
g0
∂µ(
√
g0g
µν
0 ∂ν)Kd = 0 ,
1√
g0
∂µ(
√
g0g
µν
0 ∂ν)G(u, v) = −
1√
g0
δ(u− v) ,
we find by a partial integration11 that A1(1, 2, 3, 4) reduces to −12A2(1, 3, 2, 4).
Direct evaluation of A2 is quite tedious. It is easy to show, however, that the sym-
metric in x1, ..., x4 part of (5.4) (A2)sym (and thus (A1)sym) vanishes. One way to see that
is to make a field redefinition, φ = − log(1 + ψ). Then the free action for φ becomes
I =
∫
dd+1x
√
g0 (1 + ψ)
−2(∂ψ)2 . (5.5)
The new action generates cubic and quartic dilaton vertices and it can be seen that the
resulting four-dilaton scattering amplitude is proportional to (A2)sym. Since the field
11 Boundary terms resulting from partial integration give only unimportant contact terms
(terms containing Dirac delta-function and its derivatives).
16
redefinition changes the correlators only by unimportant contact terms, we conclude that
(A2)sym should contain only contact terms, i.e. should vanish for separated points.
12
The fact that (A2)sym = −2(A1)sym = 0 implies, in particular, that as in the case
of the φφφφ amplitude, the only non-trivial contribution to the CCCC amplitude comes
from the sum of the s, t, u graviton exchanges, so that the φφφφ and CCCC amplitudes are
actually equal.13 The structure of the φCφC amplitude is more complicated as in addition
to the graviton exchange it contains also the sum of the axion exchange and the contact
contributions given by a combination of A2 amplitudes with different orders of end-points
(see also [32]).
The formal integral expression for the graviton contribution to the four-point functions
can be written down by substituting into (4.14) the appropriate expression for the energy-
momentum tensor corresponding to the massless scalar fields,
Tµν = ∂µKd(u, x1) ∂νKd(u, x2)− 1
2
δµν ∂λKd(u, x1) ∂λKd(u, x2) .
Here Kd is again the boundary propagator (with d = 4). The resulting expression is quite
long and will not be explicitly presented here. We leave its detailed analysis for future
work.
To conclude, let us make some speculative remarks on consequences of possible crossing
symmetry of CFT four-point functions for the structure of scattering amplitudes in AdS.
From correspondence between the scattering amplitudes in AdS and correlators in CFT
given by CPWE’s, we would expect that the amplitudes in Fig.2 and Fig.3 should possess
s − t− u symmetry. That would imply, for example, that the s, t and u channel graviton
exchanges in the φφφφ amplitude are all equal. Then in the CCCC amplitude (which
does not contain contact contribution) the s, t, u dilaton exchages would also need to be
equal. Since their sum (A1)sym vanishes, each of them should also be vanishing, at least
12 In the original version of this paper we were assuming that this argument demonstrates the
triviality of A2, but it actually applies only to (A2)sym as the the four legs here correspond to the
same field (while ψ2(∂ψ)2 reduces after integration by parts to − 1
3
ψ3∂2ψ that vanishes on shell,
there is no similar rearrangement for φ2(∂C)2). We noticed this mistake after reading the recent
paper [32] with conclusions of which we now agree.
13 This may be viewed as a consequence of the SL(2, R) symmetry of the action (5.2).
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up to some singular contributions (cf. [32]) that would need to be subtracted as part
of a definition of the CFT/AdS correspondence.14 To be able to draw any conclusions
from the assumption of crossing symmetry in the case of the φCφC amplitude (Fig.3)
one needs first to interpret the contact bulk diagram contributing to it. For example,
we may replace it by a massless scalar exchange in the t-channel using that, as shown
above, A2(1, 2, 3, 4) = −2A2(1, 3, 2, 4).15 Given that in φCφC case the graviton exchange
contributes only to the t-channel, one would be led to the conclusion that the scalar
and graviton exchange amplitudes should be proportional to each other (up to possible
subtractions mentioned above). That would, in turn, imply that all these massless scalar
four-point amplitudes should be vanishing. Given these somewhat surprising conclusions,
it remains to be seen if the crossing symmetry can actually be realised in a four-dimensional
CFT.
Appendix A. Scalar propagator in AdSd+1
As in [6] we consider the Anti de Sitter space of dimension D = d+ 1 with Euclidean
signature and the (half-space) metric
ds2 = g0µνdx
µdxν =
1
x20
(dx20 + dx
2
i ) . (A.1)
The AdSd+1 bulk indices will be denoted by µ, ν, ... and will take values 0, 1, ..., d. We shall
use the notation x = (x0, ~x), ~x = (xi), i = 1, ..., d.
Considering the Euclidean action for a massive scalar
I =
1
2
∫
dd+1x
√
g0 [(∂µφ)
2 +m2φ2] ,
14 Note that in Euclidean space the massless scalar exchange diagrams are generated by a
contact-type (δ-function) vertex < O(x)O′(y)O′(z) >∼ [δ(x−y)+ δ(x−z)] 1
|y−z|8
− δ(y−z) 1
|x−z|8
represented in the bulk by the φ∂C∂C interaction (its non-contact part vanishes since upon
integration by parts it reduces to 1
2
C2∂2φ − φC∂2C). However, the corresponding Minkowskian
(Wightman) three-point function is zero and thus should not contribute to the CPWE of the
four-point Wightman function in CFT.
15 The massless scalar here may be identified with dilaton, as there is a non-vanishing contact-
type Euclidean three-point function in SYM theory: < O(x)O(y)O(z) >∼ δ(x−y) 1
|y−z|8
+ δ(x−
z) 1
|y−x|8
+ δ(y − z) 1
|x−z|8
. This is also suggested by the field redefinition argument in (5.5).
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we are to solve
(D2 −m2)G(x, y) = − 1√
g0
δ(x− y) .
More explicitly, in the coordinate system (A.1), this equation becomes:
xn0∂µ[x
−n+2
0 ∂µG(x, y)]−m2G(x, y) = −δ(~x− ~y)δ(x0 − y0)yn0 .
Let G(x, y) = x
d/2
0 H(x, y). Then
(∆ν + ∂
2
i )H(x, y) = −y
d−2
2
0 δ(~x− ~y)δ(x0 − y0) , (A.2)
where ν2 = m2 + 1
4
d2 and the operator ∆ν defined by
∆ν = ∂
2
0 +
1
x0
∂0 − ν
2
x20
,
has Bessel functions as its eigenvalues
∆νJν(wx0) = −w2Jν(wx0) .
The delta-functions can be written in terms of orthonormal functions:
δ(x0 − y0) = y0
∫ ∞
0
dwwJν(wx0)Jν(wy0),
∫
ddk
(2π)d
ei
~k·(~x−~y) = δ(~x− ~y) .
We expand the Green function in a similar fashion:
H(x, y) =
∫
ddk
(2π)d
ei
~k·~x
∫ ∞
0
dwwJν(wx0)H˜(w, k; y) .
Then the substitution into (A.2) leads to
H˜(w, k; y) = y
d/2
0
Jν(wy0)
w2 + k2
e−i
~k·~y .
The scalar Green function in the Anti-de Sitter space (A.1) is thus given by
G(x, y) = (x0y0)
d/2
∫
ddk
(2π)d
∫ ∞
0
dw w
1
w2 + k2
ei
~k·(~x−~y)Jν(wx0)Jν(wy0)
= (x0y0)
d/2
∫
ddk
(2π)d
ei
~k·(~x−~y)Iν(kx
<
0 )Kν(kx
>
0 ) , (A.3)
where x<0 (x
>
0 ) is the smaller (larger) number among x0 and y0.
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Appendix B. Scalar contribution to four-point functions
The contribution of a scalar operator Φ of dimension λ to the CPWE of a four-point
function of scalar operators < 0|Φ1(x1)Φ2(x2)Φ3(x3)Φ4(x4)|0 > has been worked out long
time ago in [19]. The same expression should also correspond to the scattering amplitude
in AdS (3.1). Here we shall quote the result of [19]. We will use the following definitions:
Σij = λi + λj , ∆ij = λi − λj , xij = |xi − xj|, and
ρ =
x214x
2
23
x212x
2
34
, η =
x213x
2
24
x212x
2
34
,
where λi, i = 1, 2, 3, 4 are the conformal dimensions of Φi. Then
< 0|Φ1(x1)Φ2(x2)Φ3(x3)Φ4(x4)|0 >= xΣ12−∆1212 x−∆12−∆3413 x∆34−∆1214 x∆12−Σ3434 f0(ρ, η) ,
with
f0(ρ, η) = c1η
− 1
2
(λ−∆12)
[
F4
(1
2
(λ+∆34),
1
2
(λ−∆12), λ+ 1− 1
2
d,
1
2
(∆34 −∆12) + 1; 1
η
,
ρ
η
)
+c2(
ρ
η
)−
1
2
(λ−∆12)F4
(1
2
(λ−∆34), 1
2
(λ−∆12), λ+ 1− 1
2
d, 1− 1
2
(∆34 +∆12);
1
ρ
,
η
ρ
)]
When ∆12 = ∆34 = 0, this simplifies into
f0(ρ, η) = c
′
1η
− 1
2
λ
[
F4
(1
2
λ,
1
2
λ, λ+ 1− 1
2
d, 1;
1
η
,
ρ
η
)
+ c′2(
ρ
η
)−
1
2
λF4
(1
2
λ,
1
2
λ, λ+ 1− 1
2
d, 1;
1
ρ
,
η
ρ
)]
.
In above c1, c2, c
′
1, c
′
2 are some numerical constants and F4 is a double hypergeometric
function.
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